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ABSTRACT

This study investigates how random intensity variations affect phase-shifting methods for high-precision three-dimen-
sional surface-topography reconstruction in precision interferometric measurement, with potential relevance to fibrous
materials. To address this issue, a 9N-8 scheme was constructed based on characteristic polynomial theory by combining a
newly designed polynomial-shaped window and a discrete Fourier transform component. The sensitivity of the proposed
approach to stochastic intensity fluctuations was evaluated, and the corresponding root-sum-square (RSS) error was
calculated and compared with those of standard phase-shifting methods. The proposed method was then applied in a
wavelength-tuned Fizeau interferometer for surface-topography measurements of optical samples. Experimental results
indicate that the 9N-8 approach achieves the lowest RMS and random-intensity errors among the compared techniques,
demonstrating strong robustness against both coupling effects and stochastic intensity perturbations. Although the
present validation was conducted on standard optical components, the proposed framework may provide methodological
support for future interferometric measurement of fibrous materials, where scattering, reflectivity variation, and curved

surface geometry introduce additional challenges.

KEYWORDS
interferometry, tunable-wavelength interferometry, surface shape, random intensity error, fibrous-material measure-

ment

INTRODUCTION

Accurate characterization of optical thickness and surface topography is essential in precision manufacturing,
particularly for components requiring strict geometric control. In addition, fibrous materials such as textile

fibers and yarn assemblies present additional optical challenges, including scattering, reflectivity variation,
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and curved surface geometry. Therefore, the development of robust high-accuracy surface-metrology meth-
ods is important not only in precision engineering but also for the potential extension of interferometric
techniques to textile-related applications.

Several techniques have been proposed for optical metrology [1-5]. Tunable-wavelength interferometry has
been adopted as an effective method to obtain surface profiles of silicon wafers [6]. In this setup, the phase
is incrementally adjusted across the reference and sample surfaces, and the resulting fringe patterns are
captured at each step. These collected data are then analyzed to reconstruct the complete phase distribution
[7].

For reflective samples, error sources are not limited to harmonic distortion and phase-shift inaccuracy [8].
Random intensity fluctuations must also be considered, since unstable driving current may cause laser-power
variation and thereby introduce intensity noise into the interferometric signal [9]. This issue directly affects
phase retrieval and becomes more critical under high-precision measurement conditions.

To improve robustness against systematic errors, a variety of phase-shifting methods have been introduced
[10-25]. Early and later representative methods differ in their abilities to suppress phase-shift miscalibration,
coupling errors, harmonic effects, and nonlinear distortion. Algorithms derived from extended averaging,
data-sampling windows, characteristic polynomial theory, and Fourier representation have all contributed to
error compensation in interferometric measurement [13-25]. In particular, characteristic-polynomial-based
methods have provided an important route for simultaneously addressing multiple error sources, while later
improved schemes further reduced standard deviation and enhanced reconstruction quality [16, 19, 21-27].

Interferometric metrology has also advanced rapidly in recent years, promoting more accurate wafer-sur-
face measurement. Thin-film-interference-based systems, stitching-based optical configurations, multiscale
frequency-extraction methods, and parameter time-domain estimation strategies have all been reported
to improve measurement capability [28-31]. Nevertheless, most of these studies did not explicitly address
random intensity fluctuations. Although Kim’s 7N-6 algorithm [32] examined susceptibility to random intensity
errors, increasingly stringent precision requirements still leave room for further improvement. A phase-
shifting algorithm with stronger comprehensive compensation capability is therefore still needed.

To meet this requirement, a 9N-8 phase-shifting scheme is proposed in this study by integrating a polynomial
window with a Fourier-transform-based term. The method mitigates random intensity errors while improving

phase-retrieval robustness in precision interferometric measurement. In the present study, it was validated
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on reflective surfaces to assess its performance under controlled conditions. Its performance was further
evaluated through frequency-domain analysis and comparison with conventional phase-shifting schemes,
showing improved phase accuracy and enhanced overall error-suppression capability. The potential extension

of the proposed framework to fibrous-material measurement is discussed as a future research direction.
Derivation of susceptibility formula

During laser Fizeau interferometry, the optical intensity measured by the CCD camera is represented mathe-

matically as
I(oy) = Ag + Z Ay, €0S(@y, — mary). (1)
m=1

In this formulation, o, represents the phase-shift parameter, A, corresponds to the DC term, and each A,
along with its associated ¢,,, specifies the amplitude and phase of the m-th harmonic component.

The general expression of an M-sample algorithm can be written as

M
Zk:l kak

i .
k=1 a1,

(2)

¢ = arctan

In this formulation, ¢ represents the target phase. At each sampling step & , the coefficients a;, and b, define
the sampling amplitudes, while I, indicates the measured intensity ( I, = I(ay,) ). The random intensity
variation 01 (c,) is considered independent across different samples [33]. Based on these definitions, the

associated phase variation d¢ [34] may be expressed as
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_f: o1, 0 (ZM lek)
B al,
k:11+[23113/zjl JJ] * Zklak[k

M

Z( ) (bj, cos ¢ — ay, sin ¢y )
M

Z (A—k) Va2 + b2 cos(¢y + B)

k=1

In this context, A, is the main amplitude of the signal. If the systematic error is sufficiently small relative to
7 radians, the two expressions in Eq. (2) may be approximated using the sine and cosine terms corresponding

to the object phase ¢, .

M
> bl ~ Ay sing, (5)
k=1

Because the random intensity errors of different samples are statistically independent [33], the variance of

the phase error §¢ can be written as

M

—5 Y _(6I?)(a} + b}) cos® (¢, + By,)- (6)

1 k=1

0¢? = (Ag?) =

The angle brackets denote statistical averaging, and the variance is dependent on the object phase ¢ . If this

dependence on ¢, is neglected and averaging is performed over ¢, , the mean RMS error §¢ can be written as

101 &
5¢=7A— ; ak+b2 (7)
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In this analysis, the random intensity variation is considered to have a uniform standard deviation, represented
by 61 for each sample. Based on Eq. (7), the algorithm’s susceptibility is calculated using the root-sum-square

(RSS) method as follows:

RSS = f[:(ag +b2). (8)

k=1
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Figure 1: Comparison of susceptibility values for multiple traditional algorithms

Figure. 1 shows the sensitivity values of several conventional phase-shifting algorithms, including Hibino IV +2
[34], Larkin—Oreb N +1[13],and Kim’s4 N -3[23],6 N -5[25],and 7 N -6 [32] schemes. For the Hibino V
+2 algorithm, the sensitivity first declines at small phase division numbers N and then rises as IV increases.
To mitigate the effect of the m -th harmonic, the phase division number should satisfy N >m + 2 [35,36].
The Larkin—Oreb N +1 algorithm achieves a minimum RMS metric when harmonic components are effectively
suppressed; however, it does not address coupling errors, which limits its suitability for highly reflective
surfaces. In comparison, Kim’s 4 N -3, 6 N -5, and 7 N -6 algorithms exhibit a gradual decrease in RMS as

N grows. Following this rationale, a lower-susceptibility phase-shifting scheme was further pursued in this
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study. The detailed construction of the proposed 9 NV -8 algorithm, based on characteristic polynomial theory

and a polynomial-shaped window, is presented in Section 2.2.
Derivation of 9 IV -8 algorithm

Characteristic polynomial theory

Surrel [16] introduced an approach to derive algorithms designed to meet measurement objectives while
remaining robust against both harmonic disturbances and phase-shift miscalibration. This framework incor-

porates a triangular-shaped window combined with a discrete Fourier transform and is formulated as follows:

M-

,_\

ak + lbk . (9)
k=0

Figure 2: Root distribution in the characteristic polynomial of the 9N-8 scheme (N = 8)

In this formulation, i is the imaginary unit, x is defined as exp( i« ), and @ = 27 /N . According to Surrel’s
theory, the sensitivity of the algorithm to harmonic distortion and phase-shift error depends on the number
and distribution of roots in the characteristic polynomial. In Bruning’s synchronous detection [36], the com-
plex polynomial contains only one root. To improve resistance to phase-shift error and coupling effects, Surrel
proposed the 2 IV -1 algorithm by assigning double roots in the characteristic polynomial [16]. For accurate
measurement of highly reflective specimens such as silicon wafers, both systematic errors, including phase-
shift and harmonic effects, and random intensity fluctuations must be suppressed. On this basis, the present

study constructsthe 9 N -8 algorithm by introducing nine multiple roots into the characteristic polynomial, so
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that phase-shift nonlinearity up to the seventh order and coupling errors can be effectively compensated. To
construct the corresponding polynomial-shaped window, a set of design constraints was imposed, including
symmetry with respect to the central sampling position, zero-value conditions at selected frequency points,
and zero-derivative conditions up to the seventh order for suppressing sidelobes, harmonic effects, and
coupling-related errors. The coefficients of the window function were obtained using symbolic computation
to satisfy these constraints simultaneously. The constructed polynomial-shaped window was thus obtained
through a constraint-based formulation under the above design requirements, rather than being introduced
as an ad hoc symbolic expression. The corresponding sampling amplitudes of the 9 IV -8 algorithm are given

below:

2 2m 9N — 7

@ = ;Wi COS o (k - ), (10)
2 .27 IN — 7

b, = Wk S = (k - ) (11)

Here, w,, represents the polynomial-shaped window introduced in the Appendix. The constructed window is

designed to be symmetric around k = (9N — 8)/2, and its resulting profile is shown in Figure. 3.
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Figure 3: Profile of the polynomial-shaped window function
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Fourier-domain Expression of the 9N-8 Algorithm
To analyze the characteristics of the phase-shifting method, the sampling functions are expressed in the

Fourier domain [13, 38]. Under this formulation, the numerator f; (a) and denominator f,(«) are given by

M

fila) =3 bdla—ay), (12)
k=1
M

fala) = adla — oy). (13)
k=1

Here §(«) represents the Dirac delta function, and the corresponding Fourier-domain expressions are written

as follows:

M

F(v) =3 by exp(—iay), (14)
k=1
M

B(v) = ay exp(—iayv). (15)
k=1

In these expressions, i represents the imaginary unit, and v corresponds to frequency. According to [37], F;
is entirely imaginary, whereas F; is entirely real. This characteristic ensures that the algorithm satisfies both
symmetry and asymmetry requirements. The properties of the constructed window function, including sym-
metry and the prescribed zero-derivative conditions at the specified frequency points, were further verified
numerically to ensure consistency with the design requirements.

The sampling functions for the 9 IV -8 algorithm are illustrated in Figure. 4. As reported in Table 1,the 9 N -8
scheme achieves a sidelobe level of 0.0008%, outperforming Surrel’s2 N -1 algorithm (5.5883%), Hanayama'’s
2 N -1 algorithm (1.4339%), the 4 N -3 algorithm (0.256%), the 6 N -5 algorithm (0.012%), and the 7 N -6
algorithm (0.003%). These results confirm the superior side-lobe reduction capability of the 9 IV -8 algorithm
among the methods compared.

For this scheme, the sampling functions are designed to have zero first-order derivatives at the relative fre-

quency v =1, satisfying the condition for maximum fringe contrast [24]. Zero-gradient points are also observed
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at v =0 and at v =2,3,...,7, enabling compensation for bias modulation and coupling errors. The derivatives are
further constrained to remain zero up to the seventh order, ensuring that coupling errors can be effectively

mitigated to the order o(A4,,€;) .

Table 1. Comparison of sidelobe and compensation ability between algorithms

Algorithms Sidelobe (%) Phase-shift error Coupling error
Surrel's2 N -1 5.5883 O(ep) O(A,,€)
Hanayama’s2 N -1 1.4339 O(ep) O(A,,€)
4 N -3 0.256 O(ey) O(A,,€5)
6N -5 0.012 O(ey) O(A,,€,)
7N -6 0.003 O(e5) O(A,,€5)
9N -8 0.0008 O(er) O(A,,€7)
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Figure 4: Sampling profiles of the 9N-8 algorithm (N = 8)

Error analysis

De Groot [39] derived an analytical expression to evaluate the suppression of phase errors caused by harmonic
components and phase-shift miscalibration. In this framework, the impact of phase-shift miscalibration on

measurement errors is assessed using the RMS value, calculated as:
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—1‘. (16)

Here, i denotes the imaginary unit, while F (v) and E;(v) are derived from Eq. (14) and Eq. (15), respectively.

The RMS value corresponding to the coupling error can be written as

o= 350 10 B

Here, v,,, represents the fringe contrast corresponding to the m -th harmonic. This parameter can be esti-
mated using the reflectivities of both the sample and reference surfaces. Accordingly, the resulting RMS error

is calculated as:

o=4/02 + 2. (18)

Figure. 5 illustrates the RMS behavior under reflectivity conditions of approximately 4% for the reference
surface and 30% for the sample surface. Among the compared methods, the 9 NV -8 algorithm achieves the
lowest RMS value under the present simulation conditions. Even when the phase-shift error is close to 30%,
the method continues to exhibit low RMS levels, indicating reliable performance for the characterization of

highly reflective surfaces.
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Figure 5: Root-mean-square (RMS) metric versus phase-shift deviations for surfaces with reflectivities of approximately 4% and 30%
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Susceptibility of new algorithm

Fig. 6 shows a comparison of sensitivity values between the 9 NV -8 method and several standard phase-
shifting algorithms. The data indicate that the sensitivity of all evaluated algorithms decreases as the phase
division number N increases. For N = 4, the 9 N -8 approach exhibits higher sensitivity thanthe 4 N -3, 6
N -5, and 7 N -6 schemes. In practical applications, where both optical thickness and surface profile need
to be measured simultaneously, the phase division number is typically chosen above 8 [17, 23]. Under these
conditions, the 9 IV -8 algorithm demonstrates lower sensitivity compared with the conventional 4 N -3, 6

N -5,and 7 N -6 methods when N > § .
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Figure 6: The susceptibility of 4N-3, 6N-5, 7N-6, and 9N-8 algorithms

RESULTS
Wavelength-Tuned Fizeau Interferometry

Figure. 7 illustrates the experimental setup of the wavelength-tuned Fizeau interferometer. This system was

used for surface-topography measurement of a 4-inch silicon wafer under controlled laboratory conditions.
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Figure 7: Optical arrangement of the wavelength-tuning Fizeau interferometer. PBS: Polarization Beam Splitter; HWP: Half-Wave Plate;

QWP: Quarter-Wave Plate

Illumination was provided by a Littman-type tunable diode laser (NewFocus TLB-6804) with mode-hop-free
fine-frequency tuning exceeding 120 GHz. Linear wavelength tuning from 632.5 to 640 nm was achieved using
a Picomotor actuator (Newport). The emitted beam was then split into two optical paths, one directed to a
wavelength meter (Anritsu MF9630A) with measurement uncertainty of approximately 10~7 , and the other
guided into the Fizeau interferometer.

The collimated beams illuminated both the reference and silicon-wafer sample surfaces. Reflected beams
then passed sequentially through a quarter-wave plate (QWP) and a polarizing beam splitter (PBS), producing
interferograms at the detection plane. These interferograms were captured using a CCD camera (DMK 33G445,
The Imaging Source) and digitized with the associated ADC (DFG/USB2pro, The Imaging Source). For prepa-
ration, the sample wafer was fixed on a mechanical stage with a 10 mm air gap from the reference surface.
All measurements were conducted under controlled laboratory conditions at 20.5 4- 0.1 °C.

To remove its internal temperature gradient, a BK7 plate (SCHOTT, diameter: 10 cm; thickness: 5 mm;
refractive index: 1.515 at 633 nm) was acclimatized in the laboratory for one day prior to measurement.
Subsequently, the BK7 plate was characterized using the proposed 9N-8 algorithm integrated with the
wavelength-tuning Fizeau interferometer. It should be noted that the present experimental validation was
conducted on optical samples, including a silicon wafer and a BK7 plate, rather than fibrous materials. This
design was adopted to isolate the influence of random intensity fluctuations and to evaluate the intrinsic error-

suppression capability of the proposed algorithm under controlled interferometric conditions. Compared with
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textile fibers and yarn assemblies, such optical samples exhibit more stable reflectivity and weaker scattering,
and therefore provide suitable benchmark objects for methodological verification. The applicability of the
proposed framework to textile-related measurements will require further investigation under conditions

involving scattering, non-uniform reflectance, and curved microgeometry.

Table 2. Technical parameters of DMK 33G445

Items Technical Parameters
Dynamic range 12 bits
Resolution 1,280%960 pixels
Frame rate 30 fps
Pixel size Vertical/horizontal: 3.75 u m
Sensor SONY ICX 445ALA
Shutter 10 us~30s
Gain 0dB~30.39dB

Experimental results

The phase distribution of the silicon wafer was retrieved using the proposed method and subsequently
unwrapped. Figure. 8 displays the overall wafer configuration. Over a period of 4 days, 20 consecutive
experiments were carried out. The measured wafer surface reached a maximum PV value of 405 nm. Only
slight ripple features were visible in the reconstructed results, indicating that the 9 IV -8 algorithm provides
effective suppression of phase-retrieval error under the present experimental conditions.

Because of laboratory disturbances, including floor vibration and temperature fluctuation, the measurement
repeatability was 2.405 nm. Under more stable experimental conditions, these effects could be further
reduced by using a laser source with better stability. The uncertainty of the surface-topography measurement
was around A/30, or roughly 21 nm, while the total uncertainty of the surface-topography measurement was
estimated at about 23 nm.

The remaining algorithms were also tested experimentally, and the resulting surface topographies were
almost identical. Table 3 summarizes the standard-deviation differences among the compared algorithms.
Among them, the 9 N -8 algorithm achieved the lowest standard deviation under the present test condi-
tions, indicating the strongest overall suppression of coupling-related errors among the compared methods.
By comparison, Surrel’s 2 N -1 algorithm exhibited the largest standard deviation, suggesting the weakest

compensation capability for phase-shift and coupling-related errors.
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| l 405nm
- 0

Figure 8: Surface shape of silicon wafer

Table 3. Comparison of standard deviation for different algorithms

Algorithm Std.Deviation (nm)
Surrel's2 N -1 8.93
Hanayama’s2 N -1 8.19
Kim's4 N -3 4.14
6N-5 3.11
7N -6 2.50
9N -8 2.40

CONCLUSIONS

A 9N-8 phase-shifting algorithm was developed in this study to achieve strong sidelobe suppression together
with effective compensation for bias modulation and coupling errors, thereby improving the robustness of
phase retrieval in precision interferometric measurement. The proposed method provides a reliable frame-
work for high-precision surface-topography measurement of highly optical samples.

An important but often insufficiently considered error source arises from the interaction between harmonic
components and phase-shift miscalibration [39]. For wavelength-tuned Fizeau interferometry, phase-shift
errors amplify the contribution of higher-order harmonics and consequently impair measurement precision.
The proposed method was evaluated through both theoretical analysis and experimental verification.
Root-mean-square (RMS) errors were evaluated for Surrel’s 2 N -1, Hanayama’s 2 N -1, Kim's4 N -3,6 N
-5, and 7 N -6 methods, as well as the proposed 9 N -8 algorithm, under reference- and sample-surface
reflectivities of 4% and 30%, respectively. Among the compared methods, the 9 N -8 algorithm achieved
the lowest RMS value under the present conditions, indicating better performance in measuring the surface

topography of silicon wafers.
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Furthermore, an analytical framework was developed to examine the response of phase-shifting algorithms to
random intensity variations. The performance of the proposed 9 N -8 method was compared with Kim’s 4 NV

-3,6 N -5,and 7 N -6 schemes. The results indicate that the 9 NV -8 algorithm maintains strong robustness
against both coupling effects and stochastic intensity perturbations. Although the present validation was
limited to standard optical samples, the proposed framework may provide methodological support for future
interferometric measurement of fibrous materials, where scattering, reflectivity variation, and curved surface
geometry require further investigation.
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APPENDIX A

The polynomial expressions listed in this appendix were generated using symbolic computation under the
symmetry, zero-value, and zero-derivative constraints described in Section 2.2.1.
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